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Abstract 

Collinear limit usually provides strong constraints for scattering amplitudes. At strong 
coupling, collinear limit of the amplitudes in AA=4 SYM is related to the large mass limit 
of the corresponding Y system. In this paper, we consider a special case in which all mass 
parameters are taken to be large, which corresponds to a multi-double-collinear limit in 
which a n-side polygon becomes pentagons. This limit provides a useful constraint for the 
amplitudes, in particular can be used to fix the periods part for the case of 4K gluons, which 
is the last missing piece of full amplitudes. 

1 Introduction 

Using AdS/CFT duality, the problem of calculating scattering amplitudes at strong coupling in 
Af=4: super Yang-Mills theory is related to a geometric problem of computing the area of minimal 
surface in AdS^ background ending on a polygonal light-like contour |T]. At weak coupling, 
the duality between amplitudes and null polygonal Wilson loops was also found [21 El H] . This 
duality revealed a remarkable hidden symmetry of planar scattering amplitudes, the so-called 
dual superconformal symmetry lU HI El [6l [7]. This is not a conventional conformal symmetry 
of Lagrangian but corresponds to non-trivial non-local charges, and therefore is expected to be 
related to the integrability of Af=A SYM P El HOl E] . 

The dual conformal symmetry, via its anomaly Ward identity, can uniquely fix the four and 
five-point amplitudes, which are the same as the so-called BDS ansatz [12] based on the explicit 
perturbative calculations [131 1121 [HI [15] . However, starting at six points, the amplitudes contain 
a function of cross ratios which is not constrained by the dual conformal symmetry. This function 
is called "remainder function" [161 [13 [IE] , which means that it is an extra part that is not included 
in the BDS ansatz. The studies of the remainder function have been done both at weak coupling 
at two-loop level and in the strong coupling limit [T9ll20l[2Tll22l[23ll2il[25l[26]. 

The problem of calculating amplitudes at strong coupling can be solved by using the integrabil- 
ity of the classical world-sheet theory [231 1211 [25] . The essential point is that the equations of the 
system can be promoted by including a spectral parameter ( due to the integrability. The cross 
ratios constructed from the solutions are therefore also promoted to be functions of the spectral 
parameter. It then becomes possible to obtain a set of functional relations between cross ratios 



which can be organized as the so-called Y system [28l [29] , where Y functions are the cross ratios. 
The boundary conditions can be nicely embedded via WKB approximation [501 [5T] , where the 
dominant behavior of Y functoin at large and small ( is given by the so-called WKB terms in 
which the mass parameters are related to the shape of the polygon. Finally, the main non-trivial 
part of the area can be given as the free energy of the Y system. 

The general expression of amplitudes at strong coupling can be given as [25l [27] 

^ = ^div + ^BDS~likc + ^cxtra + ^periods + ^free • (1) 

By comparing to the BDS ansatz which takes the form 

^BDS-ansatz ^ ^div + ^bdS , (2) 

the reminder function at strong coupling can be given as 

R = (^BDS-like " ^BDs) + ^extra + ^periods + ^free • (3) 

The calculations are more tricky in the cases where the number of gluons is a multiple of four 
{n = 4:K). Such cases are special in that a world-sheet coordinate transformation appearing in 
the computation develops a non-trivial monodromy around infinity, which makes the calculation 
more complicated, in particular for the so-called cutoff part and periods part [231 EZj- In [27j . 
it was shown that the problem can be solved by introducing two extra equations which involve 
non- adjacent kinematic invariants and also T-functions. The terms in the cutoff part that depend 
on the T-functions are defined as Agxtra, while the remaining parts are defined as v4BDS-iike- A 
conjecture for the periods part of n = AK case was also made in [27] based on a generalization of 
the AdSs result [23]. However, since the case of AdS^ is much more complicated, it's important to 
perform an honest calculation and check whether the conjecture is correct or not. It is calculating 
the periods part for the n = 4K case that motivated the study of the present paper. 

In this paper we study a special coUinear limit of the scattering amplitudes. This limit provides 
a strong restriction on the amplitudes, in particular by which the periods part can be uniquely 
fixed by the already calculated remaining parts of the amplitude. The basic idea is very simple. 

Collinear limit (or more exactly the double-collinear limit) is the limit where the momenta of 
two adjacent external particles become parallel. The property of amplitudes in this limit provides 
strong constraints for the results [32]. Particularly for the amplitudes in M=4 SYM, the BDS 
ansatz already accounts for the collinear behavior of the full amplitudes [121 dZ], therefore the 
remainder function should have a trivial behavior in the collinear limit, in the sense that a n-point 
remainder function is directly reduced to a (n — l)-point remainder function. It is interesting to 
consider a series of collinear limits so that a ra-side polygon is finally reduced to a pentagon. Since 
pentagon has no non-trivial reminder function (only a constant), the n-point reminder function is 
reduced to a trivial constant in this special limit. This is the limit on which we will focus in this 
paper. 

At strong coupling, this special limit has a nice picture in the corresponding integrable system. 
The structure of minimal surface is determined by a polynomial P{z), where z is the worldsheet 
coordinate. For n-side polygon, the degree of the polynomial is (ra — 4). The shape of the polygon 
is determined by the coefficients in the polynomial that are also related to the mass parameters 
of the Y system, which are defined as cycle integrals around two zeros of the polynomial. Taking 
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one mass parameter to be infinitely large is equivalent to taking one of the zeros of the polynomial 
to be infinity. The corresponding picture for the minimal surface is that the a ra-side polygon 
becomes a (n — l)-side polygon plus a decoupled pentagon (which corresponds to the decoupled 
zero at infinity). If all of the mass parameters are taken to be infinity, then the n-side polygon is 
reduced to (n — 4) decoupled pentagons. Therefore as already discussed, the remainder function 
in this limit should be reduced to a trivial constant. This constraint provides a way to calculate 
the periods part by using ([3]): 



up to an constant. Notice that to obtain this relation we have used two important facts. One is 
that the free energy part simply goes to zero in this limit. The other one is that the periods part 
has the structure of being quadratic in mass parameters. This is very important so that we do 
not miss any information in the large mass limit. This property is naturally expected from the 
definition of the periods part as cycle integrals of the surface, while the contributions which may 
go zero in the large mass limit are already included in other parts, in particular for the n = AK 
case in the Aextra part which contains the information of non-trivial non-compact cycles [231 127] . 

Although the idea is very simple and straightforward, in practice there are a few technical 
issues to consider. One main issue is that the (BDS— BDS-like) part on the right hand side of the 
formula is expressed in terms of conventional cross ratios. To take the large mass limit, one needs 
to write them as functions of mass parameters. Generally the relations between cross ratios and 
mass parameters are not simple, however, in the special limit that we consider these relations turn 
out to be much simplified. Another complication is that cross ratios are related to Y functions in 
different phase regions of the spectral parameter. When the phase shift is large, the extra poles 
terms must be carefully included. This also happens for the Aextra part which involves T function 
at different phase regions. We mention that there is also a shortcut where there is no need to 
involve the discussion of pole contributions by simply apply the functional relations, which was 
explained in section [STTl 

We study these issues in detail in this paper. The limit for amplitudes up to twelve points are 
studied. For the known n ^ AK cases, we obtain the same results of periods part. This provides a 
strong consistency check for the validity of our method. We then applie it to calculate the periods 
part of eight and twelve-point amplitudes for the first time. 

The paper is organized as follows. In section [2] we give a brief review of Y system. In section 
[3l we discuss the relation between cross ratios and Y functions. The pole contribution due to 
large phase shift is considered in section HI In section [5] the large mass limit of Y functions and 
cross ratios is considered. In section El we study the amplitudes of n ^ iK cases in this limit. 
The eight and twelve-point cases are considered in section [71 Some useful formulae and results 
are collected in three appendices. 



In this section we review some basic facts of Y system. We mainly provide the materials that are 
closely related to the problem studied in this paper, which also set up our conventions. Readers 
can find more details about the Y system and its derivation for amplitudes at strong coupling in 




(4) 



2 Basics of Y system 



[251 EH- 
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We use the convention that 

f^{e) = f{e ± tn/A) , f^\e) ^ f\e + Uh/a) . (5) 

where 9 is the spectral parameter and can also be written as C = e^. 
We first introduce the T functions which are defined as 

To,m = (SmSm+iSm+2Sm+3)^~'"~^' , ^4,m = (s_2S-lSoSi) '""""^^ , (6) 

where the contraction is defined as (siSj+iSjSj+i) = e'^^'^^ Si^aSi+i,i3Sj^^Sj+i^5. These Sj variables are 
the smallest solutions of the flat equations which decay fastest to the boundary|25]. Very inter- 
estingly they take the same form of the momentum twistor variables, which were first introduced 
at weak coupling |33] (see also [34]), and are related to ordinary Lorentz variables as 

X ■ X 

4' = x^x-^ ' ' ^ {siSi+iSjSj+i) , Xf ~ s° A sf+i . (7) 

The Y functions can be constructed from T functions as 

Ta,m—lTa,m+l 
a— l.m-' a+l,m 

They are related to cross ratios as we will see later. 
We can impose the normalization conditions 

(■5iSj+iSj+2Sj+3) = 1 , (9) 

with which we have 

^0,m = ^4,m = Tafi = 1 . (10) 

There are also important shifting relations provided by the symmetry of the corresponding 
5'f/(4) Hitchin system [25j as 

(Sj_iSjSfc_iSfc)'^l = {SjSj+iSkSk+l) , (11) 
(Sj_2Sj_iSjSfc)[^] = {SjSkSk+lSk+2) , (12) 
(SjSfc_2Sfc-lSfc)f^' = (SjSj+iSj+2Sfc) . (13) 

The T functions satisfy the Hirota equation 

Ta^s^A-a^s = T4-a,s+lTa,s-l + Ta+l,sTa-l,s , (14) 

where a = 1,2,3, and for n-point, s = 1,2, ...,n — 5. This also implies the following functional 
relations for Y functions 



y2:sY2':s _ (i + v'2,s+i)(i + v'2,s-i) 



yi,,F3,s (i + Fm)(i + F3,.) 
n:snTs (i + r3,.+i)(i + rM_i) 



Y2,s 1 + Y2,s 

n:.nt. _ (i + Fi,s+i)(i + F3,.-i) 



Y2,s 1 + Y2,s 
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(15) 
(16) 
(17) 



These functional relations can be written in equivalent but practically more useful integral forms 
as 

log Y2^s = -V2ms cosh 9 - K2 -k as - Ki -k (3s , (18) 

logYi,^ = -nis cosh 9 - Cs - ^K2-k f3s - Ki-k as -^Ks-kjs , (19) 

1 1 
logFs,^ = -rus cosh 9 + Cs--K2-k (3s -Ki-k as + - K3 -k js , (20) 

where the terms including mass parameters rris and Cs are the WKB terms that are related to 
the boundary conditions. The other functions are defined as 

, (l + Fl,,)(l + r3j , (l+Fi,,„i)(l + F3,s+l) 

'^s = log , , T , 7s = log 



:i + Y2,s-l)il + Y2,s+l) ' ' " (1 + n,s+l)(l + >3,s-l) ' 

^ (1 + Fi,.-i)(l + ri,,+i)(l + >^3,.-i)(l + Y,,s+i) ■ ^^^^ 
and the kernels are 

^^'(^' - aldh* • ^^^'^'-VS?^- ^^3w4ta„h2». (22) 

Notice the "t*^" operation can be written explicitly as 

/+00 
d9' K,{9-9')fsi9') . (23) 
-00 

In this form we take the phase rris to be real positive, and the range for the phase of C is = 
Im(6') G (— 7r/4, 7r/4). In other regions, the above integral equations need to be modified. We will 
discuss this point in more detail later. 

The integral form of T functions can also be given as |27] 

logT2,i = *log(l + F2,i) + i^i^log(l + Fi,i)(l + 1^3,1) , (24) 

logTi,! = lir2^iog(i + ri,i)(i + r3,i) + i^i^iog(i + r2,i) + ^i^3*iog|^^^ , (25) 



logTs,! = Ik2 ^ iog(i + ri,i)(i + ^3,1) + K,^ iog(i + ^2,1) - Ik, ^ log ^ 



(26) 



All other T functions can be obtained by using these three T functions and Y functions. For 
example, by using the relation T2,2 = Ti^iT3^iY2^i, we can obtain T2,2 as 

logT2,2 = -V2m^ cosh(^) + K2^ log (1 + 1^2,2) + log (1 + yi,2)(l + ^3,2) . (27) 

We emphasize that a special normalization of T functions is chosen, for example one can notice 
that there is no WKB term in T2^i. This freedom of choosing normalization comes from the gauge 
redundancy of the Hirota equation for T functions [23]. But the full amplitudes are of course 
independent of such choice. Since our method is based on the consistency condition of the full 
amplitudes, we do not need to worry about this issue here. 
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3 Cross ratios and Y functions 



As mentioned before, the amplitudes at strong coupling involve parameters m^, which are in 
general related to cross ratios though complicated integral equations of Y functions. To study 
the coUinear limit of amplitudes, we first need to study the relation between cross ratios and Y 
functions. We will also see that one can obtain a one parameter family of cross ratios which will 
provide further restriction on the remainder functions. 



3.1 From Y functions to cross ratios 

The traditional cross ratios which involve consecutive cusps can be defined as 

xfjXf^l j^l (SjSj+iSjSj+i) (Si+iSi+2Sj+iSj-|_2) 

where we have written the cross ratios in terms of the small solutions by using ([7]). A generic 
cross ratio involving non-consecutive cusps can be constructed by multiplying together consecutive 
ones, for example 

— — 2 — WjjMjj+iMj+ijMj+ij+i . [Zy) 

^ij^i+2,j+2 

The cross ratios are not all independent. For ra-point where n > 5, there are only 3(n — 5) 
independent cross ratios, due to the constraints of on-shell condition and Gram determinant 
constraints [11 [19] . 

The consecutive-cusp cross ratios can be constructed via Y2^m by using (|6])-(IH]) as 



^2,m (■5-lSoSm+2'Sm+3)' ™ ^^S-iSoSmSm+l) ' 



l + >2,m (s_iSoSm+lSm+2)' '^^S^iSoSm+lSm+2y 

When m = 2A; — 2, we have 

^2,2A:-2 _ {S-k-lS-kSkSk+l){s^kS^k+lSk-lSk) _ X-k-l,k^-k,k-l 
l + ^2,2fc-2 {S-k-lS-kSk-lSk){S-kS-k+lSkSk+l) X^^^.^^.^X^.^^^. 

When m = 2A; — 1, we have 

/ ^2,2A:-l {s^k-lS-kSk+lSk+2) {S-kS-k+lSkSk+l) ^~k-l,k+l^'^- 



k,k 



(30) 



(31) 



(32) 



\1 + ^2,2fc-l/ {S-k-lS-kSkSk+l){s~kS^k+lSk+lSk+2) ^-fe-l,fc^^ fc,fe+l 

Using the shifting relation ffTTj) . we can write all consecutive cross ratios in terms of Y functions. 
As an explicit example, for the simplest six-point case, there are three independent cross ratios 

/v»2 fy»2 ^2 ^2 ^2 rv*^ 
_ •^15-^2i _ •^2Q-^Z5 _ -^lli-^m /oQ\ 
Uu — —5 5- , M25 — 5- • tt36 — —5 5- . \o6) 

14"''25 ■^25"''36 -^m-^Xi 

We can express them in terms of Y functions as 

Y~ y"^^ 

The relations between Y functions and the cross ratios that are commonly used in weak coupling 
calculation for higher-point cases are given explicitly in appendix El 
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3.2 One parameter family of cross ratios 

Y functions (and therefore also cross ratios) are functions of spectral parameter. The physical 
cross ratios of the original problem can be recovered by taking ( = = 1. A very interesting 
fact is that one can actually obtain a one parameter family of physical cross ratios by taking ( to 
be a pure phase, or equivalently 6* to be a pure imaginary number [25]. We can write this one 
family of cross ratios by including the 0- dependence as 

1 + ^2,1 («0) 1 + >^Tl y^^) 1 + Y^j («0) 

An important fact is that the free energy and periods parts are independent of the phase (j), 
and therefore take same values for the whole family of cross ratios. This is due to the integrability 
of the world-sheet theory[25_0. This invariance provides a further constraint for the amplitudes, 
which is important for the limit that we consider in this paper. Although Afree and ^periods 
are independent of the phase, the other parts of remainder function do depend. Therefore, the 
remainder function also depends on as 

i?(0) = (ABDS-liko - ^BDS)(0) + Axtra(0) + ^periods + ^free • (36) 

On the other hand, the limit we consider which gives rise to is still true, therefore we have 
that 

^periods = — (^BDS-likc ~ ^BDs) (0) + ^extra(0) „ • (37) 

L J all mj,— >oo 

This provides a stronger version of (jl]). Since each part on the right hand side depends on the 
phase separately, there must be non-trivial cancellation, so that the finally result is independent 
of as required by the equality. We will see that this is indeed true. This restriction provides 
another important consistency check for our method. 

4 Phase shift and pole terms 

To obtain cross ratio, we need to consider Y functions with large phase shift 

YP,{e) = Y2,s{0 + triT/4) . (38) 

This will require a modification of the integral equations. The reason is that residue contributions 
should be included in the integral equations when we cross the pole lines of kernel functions. 
Mathematically, this is similar to the wall crossing phenomenon in the study of supersymmetric 
field theory [301 ED- 

In general there are two cases that one needs to consider pole contribution. One is the argument 
6 of Y functions is fixed, but the phase of mass parameters changes. The other case is what we 
have encountered above, where the mass parameters are fixed, but the argument 6 (or more exactly 
its imaginary part) of Y functions varies. The mathematical reason for both cases is the same, 
but the physical pictures are different. We are mainly interested in the latter case. We will take 



^It is very interesting to see if there is any similar invariance at weak coupling, which may provide a connection 
between weak coupling Yangian symmetry and the integrability at strong coupling 
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the mass parameters as real positive number^, then the integral equations for Y functions will 
preserve their original form as long as = Im(^) G (— 7r/4, 7r/4) 

\ogY2,s{e) = -V2ms cosh(^) - K2^as- Ki^/3s , (39) 

\ogYU0) = -msCosh{e)-Cs-^K2^P,-K^^a,-^K,^^,, (40) 

logF3,.(^) = -m,cosh{9) +Cs~^K2^(3,- Ki^a, + ^K3^-f, . (41) 

Beyond that region, one needs to modify the equations by including extra pole contributions while 
9 crosses the lines of ±i7r/4, ±i7r/2, ■ ■ ■ of C plane. Exphcitly, the positions of the poles 9p of each 
kernel are 

.^11 n .(l + 2/)7r 

V2cosh9 „ .(l + 20ir 

i^'s = -tanh2^ , = ^iLlL^ilZ^ ^ ^ jg integer . (44) 

TT 4 

As an explicit example, we consider Yi^s{9) in the case where Im(^^) G (37r/4,7r). It crosses 
three pole lines. While crossing the line Im(^) = 7r/4, we have pole contributions from kernels K2 
and K^. When crossing the line lm{9) = 7r/2, we have pole contribution from kernels Ki. And 
while crossing the line Im(^) = 37r/4, we have pole contributions from kernels K2 and again. 
In total, for Yi s{9) with argument Im(^) G {Sir/A, ir) we have 

1 1 

log Yi^si9) = -nis cosh(6') - - -K2 -k f3s - Ki -k as - -Ks -k 7, 

-^(3s{9 - z7r/4) + ^^^{9 - m/A) - as{9 - 171/2) - i/3,(0 - 237r/4) + ^^^{9 - z37r/4) . (45) 

Notice that one should also be careful about the signs of residues. 

It is convenient to use another notation when we consider cross ratios. For example, for 
six-point we want to calculate 

y2M) = ^^2,1(^0 - tTT/A) , Y^M) = Y2M + ^^/4) , yflm = Y2,M + ^3vr/4) . (46) 

We choose (p ^ (0,7r/4). We can see that there is no pole contribution for Y2~i{i(f)), but there are 
pole contributions for the other two functions. Similar to the example above, we can obtain that 

log K,yi(i0) = -V2mi cos(0 -tt/4) - K2kai- Kik /3i , (47) 
\ogY^^{i(j)) = -y/2miCos{(j) + n/A)-K2i<ai-Kik/3i-ai{i(f)) , (48) 
log Y^^} = -V2mi cos(0 + 37r/4) - * en - i^i * /3i - af^ (z0) - (3? (z0) - ai . (49) 



We can then define the cross ratios as in fl35ll ^l. In appendix [Bl we provide equations for more 
complicated cases which we will encounter when we calculate higher points amplitudes. Since we 



^Notice that for simplicity, we take rus to be real positive number. One can of course include a phase ips for 
each rris. Then one may need to modify the equations also according to the range of cps j25| . The discussion will 
be more involved but straightforward. 

■^One may notice that the integral equations for cross ratios looks a little different from that in [23] (see also 
|35|). They are equivalent but written in different presentations, and are related by the functional relations. One 
can also explicitly solve the the integral equations numerically and find they give the same cross ratios. 
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need to calculate T functions when there is Aextra part, the equations for T2_i, T2^2 with large phase 
shift are also given. 

We should mention that these integral equations are correct no matter whether we take the 
large mass limit or not. Therefore they can be used for more general studies. Numerically they 
can be solved very efficiently at least when the number of gluons is not very large. There are two 
very useful checks for the equations and results. One is that in the small rus limit, the Y functions 
should converge to the same value which is independent of 0. This corresponds to the regular 
polygon limit, where all cross ratios take the same value. The other more non-trivial check is 
the continuous condition that, Y functions themselves must be continuous functions for all phase, 
despite that the expressions of Y functions in different regions of phase look different due to extra 
pole terms. In other words, one needs to check that there is no discontinuity when the pole lines 
are crossed. We have done these checks for the equations we give. 



5 Large mass limit of Y functions 

When all are taken to be infinitely large, the relations between cross ratios and mass parameters 
become much simpler. The main reason is that the complicated integral terms always vanish in 
the limit, as 

/+00 
de K\og{l + e-"'^''°'^^+-) 0. (50) 
-oo 

Notice that for simplicity we take to be real positive. Therefore, the Y functions are dominated 
by the WKB terms in the limit. The main complication comes from that the pole terms may also 
have contribution in the limit. 

We consider six-point case explicitly. We first consider u^q in (IMl) . In the large mi limit, we 
can neglect the integral terms in ( H71) and have 



logics i(^0) - y2mi cos(0 - 7r/4) . (51) 



Then we have 



Y^~^U-ifh\ „-V2micos{(j)-TT/4) 

Notice that the sign of logY in the limit makes the results totally different. Here it is negative. 
If it is positive, then Y — )■ +oo and the corresponding cross ratio will simply be one in the limit. 
For Mi4 we need to consider Y2^i{i(j)), where there is a pole term 

ai(z0) = log(l + Fi,i(#))+log(l + F3,i(^0)) 

^ log(l + e-'"^'=°'^('^)+^i) + log(l + e-'"i"°'(^)-^i) . (53) 

In the second line we take the limit and neglect the integral terms in Yi i and Y^ i. Comparing 
to WKB terms in Y^^, this pole contribution is exponentially suppressed and can be neglected, 
therefore we have 

logY^^{i(f)) -V2mi cos(0 + 7r/4) , (54) 
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and the cross ratio is 



uuii(p) e-^'"i=°^('^+"/^) . (55) 



Similarly we consider U25. We can see from fl2T|) that the pole terms are always a summation 

of functions in the form of log(l + Y), therefore when Y — )■ e~°° the contribution can always be 

neglected. But when Y — e+°°, there is non-trivial contribution, which turns out to be the case 

[21 [si 
for the pole term a[ in ^21(^0). We have 

a?\t<P) = log(l + r['l(z0))+log(l + y£l(z0)) 

— )■ log (1 + e~™^ cos((^+7r/2)+Ci ^ _|_ \Qg(^l _|_ g-™! cos((/)+7r/2)-Ci ^ 

— i- (mi sin(0) + Ci) + (mi sin(0) — Ci) 

— i- 2mi sin(0) . (56) 

Notice the parameters Cs always cancel with each other in the limit, since Yi^g and Y^^g always 
appear in pairs. The other pole terms in f H^ are exponential suppressed, therefore in total we 
have 

log y}^} V2mi sin(0 + 7r/4) - 2mi sin(0) . (57) 

We can see that Y{i -> +00 for (j) G (0, 7r/4), therefore U25 is simply one in the limit. 
To summarize we have the cross ratios in the large mass limit as 

{u3e{^<P), u,,{t<P), W25(*0)} ^ |e-v^-i-(^-/4)^ ^-^/a™, cos(<^W4)^ 1}. (58) 

The results including the cross ratios of several higher-point cases and T functions will be given 
in the following sections. They can be derived in the same way. 

5.1 Another way bypassing the pole contributions 

There is another way to obtain the large mass limit of the cross ratios in which one does not need 
to consider the pole contribution^. The idea is that one can always use the functional relations 
(II5])-([I7D to bring F/J to a combination of Y^'^^ ^1 and Y^^^ ^1, or to a combination of l^JV^^ ^^'^ 
yjr+2]_ xhus it is always possible to express all cross ratios in terms of only yj^J and Y^~^^ for 
which the phases are in the region G (— 7r/4, 7r/4). Then one can simply apply the relation 

logF2,s(^0) — — "\/2ms cosh(0) , 

logYi,s(«0) ^ -m^ cosh(0) - , (59) 
log ^3,^(^0) - -rris cosh(0) + 

to obtain the large mass limit of the cross ratios. 

Using Hirota equation (fHI) . one can similarly calculate the T functions which appear in Aextm 
part in the same way. 



*We would like to thank the anonymous referee for this suggestion. 
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6 Consistency check for the known results 

We first apply out method to the n ^ AK case, where there is no Aextra part. The periods can be 
calculated as 



A 



periods 



(ABDS-like - ^BDS)(0) 



all m=— >oo 



(60) 



We will reproduce all known results for up to eleven points. We summarize the results of ampli- 
tudes which may be used here in appendix O 



6.1 Six-point 

The results of periods part and the difference between BDS-like and BDS part are known [2lj 

(61) 

^ /I 1 \ 

J2 [g log^ "».»+3 + ^^^2(1 - Mi,i+3) j • (62) 

The cross ratios in the large mass limit have been obtained above 

{^36(^0), uum. U2M)} ^ {e-^'"^^°^(^--/^), e-v^-i-^(<^+-/^), 1}. (63) 
Applying this limit in ( |62|) we obtain that 

(^B5l-iike-^BBl)(0) ^ -(^2m?[cos2(0-7r/4) + cos2(0 + 7r/4)] + 1^^2(1)) 

= —-^\ + constant , (64) 

which indeed cancels with ^periods up to a constant. Although we have choose to be real 
positive number for simplicity, this is enough to reproduce the more general expression flM]) by 
knowing that the periods part is real. One can of course also do an honest calculation, for example 
consider to include a small phase factor for (so that the equations do not change) and find 
that the result is indeed correct. 

We can see that in the limit, although cross ratios still depends on the phase 0, the difference 
between the BDS-like and BDS part is independent of 0. We emphasize that this independence 
is not true in general, it only happens in the limit, which is required to cancel the periods part. 
As we will see in the n = AK case, such cancellation will become more non-trivial due to the 
existence of extra part. 



periods a 



/in=6 /l'^=6 
^BDS-like ^BDS 



6.2 Seven-point 

We have the result 

J _ |mip + |m2p mirh2 + rhim2 , . 

^periods — 2 2^71 ' 

^BDS-like - ^BDS = "7 H (^^S^ "^,^+3 + ^^2(1 - Mi.i+s) - ^ log Mi,i+3 log "»+2.»+5^»+l.»+5 \ ^ ^qq-^ 
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The cross ratios in the large mass hmit can be obtained as 

{uu{i(f)), U25{i(j)), U3e{i(j)), M47(^0), ^15(^0), U26{i(p), U3-r{i(f))} -)■ 

r — \/2m2 cos((/)) 1 1 -\/2mi cos((/i-7r/4) -\/2mi cos((/)+7r/4) 1 -\/2m2 sin(0) t 

Applying this limit in ( 166|) we find that 

(^B5s-iikc - ^bBs)(0) ^ 2 " + constant , 

which is independent of the 0, and consistent with the known result of periods part (J65ll . 

6.3 Nine-point 

We have the results that 

— ^(mim2 + 17121711 + mim^ + m^mi + msm^ + m^ms + 2m2ms + 2m^m2) , 



1 ^ 

/in=9 /1"=9 _ 

^BDS-likc ^BDS ~ -i / . 

^ i=l 



log Ui,i+3 log 



lii,i+4Wi+4,j+7 



2 

, ^i+l,j+5'^i+2,i+5'^j+3,i+6'Wi+2,i+6 , 



(2 2 \ 
3 2^ - LZ2 (1 - Ui^i+z) - Ll2 (1 - Ui^i+i) 
Wj+2,j+5Wj+2,j+6'Wi+3,i+6'^i+3,i+7/ 

The cross ratios in the large mass limit can be obtained as 

{Mi4(i0), U25{i(j)), U36{i(j)), u^jiicj)), u^^iicj)) , UQg{i(j)), Uniicj)), M28(^0), ^39(^0)} 

|g— \/2m4 sin(?i) g-\/2m4 cos((/)) ]_ ^ ^ g-\/2»^l cos((/)-7r/4) g-\/2mi cos(9i+7r/4) 

{Ml5(i0), M26(«0), ^37(^0), M48(i0), ^59(^0), Mi6(i0), M27(#), ^38(^0), ^49(^0)} 

|g-\/2rrt3 cos(0— 7r/4) g- v^ma cos((/)+7r/4) g— V2m2 sin(0) g- V2m2 cos((^) X X Xj. 

One can find in this limit that 

(^BDS-like ~ ^BDs)(0) 

1 a/2 

-(mg + mg + 2mim3 + 2m2m4) H — —{7nim2 + mim4 + 77137714 + 2m2m^) + constant , 

which is independent of the 0, and consistent with the result of periods part f l69p . 

We also calculate the ten and eleven-point cases and also reproduce the periods part g 
in [22]. Since these checks are very non-trivial, it provides a strong check for the validity of 
method. We will consider 77 = AK cases in next section. 

7 Fix the periods part for n = A:K cases 

For n = 4K case, we can calculate the periods parts by using 

^periods 



(^BDS-like - ^BDS)(0) + ^cxtra(0) 
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all m.— >oo 



For eight point, the cutoff part of the amphtudes was calculated in [27j. We can obtain that 

^BDS-likc - ^BDS = - 7 log (^^15^16^25^26) log (W26«27M36M37) 

O \ ^36^47^27 / 4 



^1 /^"15\, /^^14^i25^^58Ml6«15 ^ . 

-o log — log - o - 



2 



+ -A lo ( ^14^15^16^25^58 \ _^ 1 ^ |^ ^26^27^36^17^47 ^ 



-A, log ^-^ — 2 + l^y ^og 

4 V W27M36M37W47 / 4 y 



M14M15M58 



lA, o 1 



~ o log^ - o Zl[2^^2 (1 - Mi,i+3) + Li2{l- , (75) 

^ i=l ^ i=l 

= -^(A.logri-/]-A,logri-/l) , (76) 



4 

where A^ ^ are given in fll29p . We can see the difference between BDS-like and BDS parts is 
indeed only a function of cross ratios. The cross ratios in the large mass limit are 

{Uu{i(j)), ^25(^0), ^36(^0), ^47(20), M58(^0), UiQ{i(f)) , M27(#), M38(«0)} 

r -v^m3Cos(9i-7r/4) -\/2m3 cos((/)+7r/4) 1 -r -\/2mi cos((}i-7r/4) -\/2mi cos((/)+7r/4) 1 ii 

■j^e , e , ±, ±, e , e , ±, ±j , 

{Ul5(^0), ^26(^0), M37(20), ^48(^0)} ^ {e'-^-^-^W, 1, 1, 6"-^^^^-^} . (77) 

A^_y are two special cross ratios that are related to the monodromy [27] , and can be given exactly 
as 

A^(0) = -v/2(mi + y2m2 + m3)cos(0 + 7r/4) , (78) 
Ay{(f)) = -V2{mi + V2m2 + m3)sm{(f) + 7r/A). (79) 

We also have extra part which involves T functions. In the same way as that for Y function, we 
can obtain that 

logTj;^^'(0) V2mi cos(0 + 7r/4) , (80) 
logT2 2^^(0) — (2mi + -\/2m2 + m3) cos(0) — m3 sin(0) . (81) 
By substituting (I77D-([79D into ([75]) and ((76]), we obtain 

(^BBl-iike-^SBl)(0) ^ -^^(mi + v^m2 + m3)(l + sin(20)-cos(20)) 

-^(mi + V2m2 + m^f cos(20) - "^("^i + ^^^2 + m^) 

2 3__X ^ + _(^^ + 72m2 + msf , (82) 

^S^ra(0) ^ ^^(mi + v^m2 + m3)(l + sin(20)-cos(20)) 

+ ^(mi + V2m2 + nisY cos{2(f)) + -^("^1 + V^m2 + 7/13) . (83) 

We can see that (^Bol-iikc " ^bdI) ^extra both depend on in a non-trivial way. However, 
gratifyingly, the summation of them is independent of 0, and we have 

(^BBl-uke - ^bB|)(0) + A:-U<P) _!!i±^li+}^^!I^ + 1 (^^ + ^2^2 + . (84) 

13 



An=8 
periods 



This non-trivial cancellation for the 0-dependent terms is a strong check for the result. The 
periods part is then given by ( 1711) as 

2 2^1 -|mi + V2m2 + msl , (85) 

where we have written it for general complex by using the real condition. Comparing with the 
periods part conjectured in [27], we can see we need to add a new term 

- ^|mi + V2m2 + msp = -^|iyo|^ , (86) 

where wq = mi + \/2m2 + m^ is the monodromy [261 121] • Structurally, one may also write the 
periods of eight-point as 

1 

•^periods ^periods lmi—!>mi-|-i ^ 



periods periods lm,—!>m,j-i /i I Ol ' \" ' / 



We also calculate the twelve-points, and as well find the non-trivial cancellation for dependent 
terms. The periods part also shows interesting structure as 

An=12 ^ /4"=l^ I -I- /1"=10 I _ lu,;"=12|2 foo\ 

periods periods lmi—>mi+i ^ periods I rrti-^rrii+i 4 ' ' ' v""/ 

where each term on the right hand side may be found in [25J. This also shows that the conjectured 
result in [27] is not a full answer, which includes only the first term. 



8 Conclusion 

In this paper, we study a special collinear limit of the amplitudes at strong coupling which in 
the Y system corresponds to a limit that all mass parameters are taken to be very large. This 
limit imposes a strong restriction on the amplitudes by which the periods parts can be uniquely 
fixed by the already known other parts of the amplitudes. This is particularly important for 
the case where the number of gluons is a multiple of four, since the results of periods part have 
not been calculated before. We do the calculation for amplitudes up to twelve points. For the 
n 7^ AK cases, we all reproduce the known results, which provides a strong consistency check for 
the method. We calculate the periods part for eight and twelve points for the first time. The 
non-trivial cancellation of the 0-dependent terms shows that the calculations are consistent. We 
also study some technical issues in detail which are involved in the calculation, such as the relation 
between traditional cross ratios and Y function and their large mass limit. The pole contributions 
due to large phase shift of the spectral parameter are also discussed and the explicit integral 
equations of Y and T functions are given. These relations can be applied not only in the large 
mass limit considered in this paper, but also in more general study of the amplitudes. 
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A Explicit relations between cross ratios from Y functions 



We write cross ratios that are commonly used in weak coupling calculations in terms of Y functions 
explicitly. 

A.l Six-point 

For six-point case, we have 

^2 ^2 ^2 ^2 0^2 /7-«2 

1*14 = — 2 2~ ' '^25 = — 2 2~ ' '^36 = " o o" " l^^J 

■^14'^25 ■^25'^36 •^36'^14 

Using Y functions we obtain a one parameter family of cross ratios 



y[-l] y+ y[3l 

""36 = ^^VtT , Ml4 = , , M25 = ■ (90) 

1 + ^21^ 1 + 1 + 1"21 



A. 2 Seven-point 

For seven-point case, we have six independent cross ratios. In the practical calculation one can 
focus on seven consecutive-cusp cross ratios, 

_ ^i,i+2^f+3,j+6 . ^ _ .„^s 

^v+3 = -2 — -2 ' ^ = l,...,7. (91) 

Other cross ratios can be constructed from them directly. They are related to Y functions as 

-^99 -199 -^9 



■2,2 -f2,2 -'2,2 

""37 = ^TI^ , Uu = ^ , , ^25 - 



1 + 1^2'2' 1 + ^2,2 l + yjj 

y[-3] y- y+ y[3] 

We mention that there are many other choice to define the cross ratios, for example we also have 

^[5] v\'^^ ^[^1 

_ 2,1 _ ■'^2,1 _ -'2,1 /nQ\ 

""-TTW!' """TT^' """IT^' ^ ^ 

Different definitions are equivalent with each other, due to the relation between Y functions, in 
particular the periodic relation of Y functions 

Y!l^Y!r\ it^-l . (94) 
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A. 3 Eight-point 

For eight-point case, we have nine independent cross ratios. We will need the following twelve 
cross ratios in the calculation 

2 2 

Ui,i+3 = ^ — , z = l,...,8, (95) 

^ , i = l,...,4. (96) 

They are related to Y functions as 

^22 -'22 ■'^22 22 

i + yj/i 1 + ^-2,2 i + Ygi i + vij 

^[-31 V- v+ 

-'^2,1 -'^2,1 ^2.1 -'2,1 



""-IT^' ""-TT^' ""-TTT?^' """i + rjr 

v[-3l V- v+ vPl 

-'^2,3 -'^2,3 -'^2,3 -'^2,3 /nvA 

In this case, we have that 

yll] ^ y['+8] y W ^ y[«+8] y[i] ^ y[«+16] .ggN 

2,1 2,3 ' 2,2 2,2 ' 2,s 2,5 ' \ / 



cross 



A. 4 Nine-point 

For nine-point case, we have twelve independent cross ratios. We will need the following 18 
ratios, 

^^M+3^%#i^, i = l,...,9, (99) 

•^i,i+3'^j+l,j+4 
2 2 

^iM+4 = ^ 2 ' ^ = l,...,9. (100) 

•^i,i+4^i+l,i+5 

They are related to Y functions as 

>-[-4] ^[-2] ^ ^[2] yli] 

J 2 2 2 2 ^ 2.2 2 2 2 2 

"^48 = r 41 7 "^59 = r n] "^16 — . , 7 "^27 = ' '^38 — ^177 7 

i + yj/i i + i"i2^ 1 + ^2,2 i + yj^^i i + rij 

_ -'^2,4 _ -'2,4 _ -'2,4 _ -^^2,4 _ -'^2,4 

""39 — : '"14 — j— 5T , 1*25 — -, , : '"36 — , ""47 — mT > 

i + Yi;/^ i + yj/i 1 + 1^2,4 i + yPJ i + yW 

y[-^] y- y+ y[3] 

Y- v+ v[3] 

-'2,3 -'2,3 -'^2,3 -^^2,3 /ini\ 

In this case, we have that 

-'^2,1 — -'^2,4 ) -'^2,2 — -^^2,3 ) ^ 2,s ~ ^ 2,s ■ {^^"^J 
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B Y and T functions in different phase regions 

To obtain the traditional cross ratios, we need to consider a set of Y functions in deferent phase 
regions, Y^''j{i(l)). We need to modify the integral equations and add pole contributions from the 
kernels while crossing the lines of ±z7r/4, ±z7r/2 and so on. In this appendix, we give some explicit 
formulas which are used in the calculation of this paper. We take to be real positive, and 



lm{6) G (0,7r/4). We use the convention that 

f[i]^e) = fie + Un/A) . (103) 

We first define functions for all range of 6 

F2,s{0) = -V2msCosh{e) - as- Kik^s , (104) 

F,A9) = -msCosh{9)-Cs-^K2k/3s-K,kas-^Ks*-fs , (105) 

F3,s{9) = -ms cosh(0) + Cs- \k2 ^(5s-K^^as + ]-K^ k 7, . (106) 



where ct, /3, 7 and kernels are given in ( 12T|) . (122|) . We emphasize that the Y functions with a given 
integral form are only defined in a given phase region of 9. The Y functions in general phase 
regions can be given by including various pole contributions as 

= F2M. 
= Fl]li9) - asi9) , 

= Fi'li9) - a^^\9) - (3s{9) , 

= Fi'l{9) - af\9) - P^^\9) - asi9) , 

= F^l{9) - am - - <y^lKO) , 

= Fi-'\9), 

= F^,'\9) - ai-'\9) , 

= F^:'\9) - a[~'\9) - (3i-'\9) , 

= fI-'\9) - a[-'\9) - Pi-'\9) - a[-'\9) , (107) 

= F,A9), 

= Fl^l{9) - Im + lls{9) , 

= FQ{9)-l^m + l^m^9)-as{9) , 

= F^l{9) - lpf\9) + l^f\9) - a^^\9) - + lls{9) , 

= Fi:i{9) - Imo) + - afK9) - + , 

= Ft'\9)-lp^-He)-litHo), 
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2,s 



logF^ 
logF^ 



logWS 



[1] 



logFs 
logF. 



logW;^] 

^ogYif 
logrj/l 



logFi,, 
logWi' 

logr^ 

lognS 
lognS' 

^ogY}-'^ 

logW;" 



and similar for vj'^} with only the sign for the 7^^'^ terms changed compared to y}^}. 



(108) 



For the calculation of extra parts, we also list the formulas of T2^i and T2 2 that are given in 
and (^7^. Similarly, we first define functions for all range of 6 

G2M = K2*^i + Kii.ai , (109) 
G2M = -v^micosh(^) + 7^2^/32 + i^i*«2 , (110) 

where 

^s=log{l + Y2,s) , = log(l + Fi,,)(l + F3,.) • (111) 

Then we have T functions in general phase regions as 



iogr2,,(^) 


= G2,s{9) 7 








= GglW- 






^ogTglie) 


= GglW- 






^ogTi'lie) 


= GglW- 






logTl%9) 


= G^SsiO)- 


mo)- 


am 


^ogTl-'\9) 


= g[^^\6) , 






logTi7/l(e) 


= 






logTi:/(e) 








logTi:/l(e) 









mi 



(112) 



C Results of amplitudes and remainder functions 

We list the explicit results of amplitudes up to nine points in this appendix. Abbs is the one-loop 
finite part of amplitudes at weak couping [12]. The result of ^BDS-uke, ^periods and Afree for n^AK 
cases were given in [25]. Aextra and ^BDS-iike for eight-point were given in [27]. The periods part of 
eight-point are calculated in this paper. We also give the result of the difference between BDS-like 
and BDS part in terms of cross ratios beyond six-point for the first time. The total amplitudes 
and remainder functions can be constructed as 



^ — ^div + ^BDS-like + ^extra + ^periods + ^free ; 
R = (^BDS-like — ^BDs) + ^ extra ~l~ -'^■periods ~l~ -'^free • 

The IR divergent parts are universal 

"2 



1 - . 

^div = -E(^ + ^) 
^ i=i ^ 



(113) 
(114) 



(115) 



where L is the cutoff for the minimal surface. We use the notation that 



(116) 
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C.l Six-point 



A 



periods 



|mip 



° 1=1 A;=0 

Afree=^ ^^dO COSh ^ log [(1 + ^1,1) (1 + ^3,1) (1 + >^2,l)^' 



i-BDS-like 



^ /I 1 
- ^BDS = - E o ^Og^ + 7-^^2(1 - Ui) 
i=l 4 

C.2 Seven-point 

^BDS-like = -I E + E A:^,+2fe+l(-l)'=+0 , 
^ j=l fc=o 

_ |mip + |m2p mim2 + mim2 

^periods - ^ + ^^^1 , 

^ 1 777 I p 

^free = E ^ / COsh ^ log (1 + + F3,.)(l + 1^2,.)^ 

^ ZTT J-00 L 



iBDS-like 



- ^BDS = -T E ( ^Og^ ""i-i+S + -f'«2(l - ^i^,^+3) " 7: log lij^j+a log 



i=l 



Ui-\-2,i+5Ui+l,i+6 
U'i+3,i+6Ui,i+4 



C.3 Eight-point 



where 



^periods 


m2 P 




3 

^free — E 
s=l 






^BDS-like = 


1 

' ~8 


^extra — 





+ 



m2m 3 + 777.2777.3 1 

4 



772.1 + \/27772 + 7773]^ , 



cosh ^ log (1 + yi,,)(l + F3,.)(l + >^2,. 



\V2' 



1 

4' 



1 

4 



-i(A,logTi7/l-A,logri-']) , 
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A 



BDS-like 



A 



BDS 



C.4 Nine-point 



log- 



2 f ^14^25^58^1 6^ 
V ^36^47^^27 

log 



j - - log (M15M16M25M26) log (M26M27M36M37) 



/Ml5\ /^Ml4M25M58^^16Ml5 '\ ^ ^2 



2 VU37/ „„ .. 

^ 1 / ni4^f 5^16^25^58 \ ^ 1 ^ / ^26^27^36^^47 \ 

4 V W27M36M37"47 / 4 \ M14M15M58 / 



1 * 1 * 

■- ^ log^ Mi,i+3 - - (1 - Mi,i+3) + -^^2 (1 - Ui^i+i)] ■ (130) 

^ i=l ^ i=l 



^BDS-like = -2 E + E ^.^.+l+2fc(-l)'+' 
^ i=l k=0 



A 



free 



E 



277 7- 

1 



cosh ^ log (1 + + r3,.)(l + 



\V2' 



^periods = -|(|"^2|^ + 1^31"^ + miiTiz + msmi + m2m4 + m4m2) 



^/2, 



(131) 

(132) 
(133) 



mim2 + m2mi + mim/^ + m^rrii + m^rrii + m^m^ + 2m2m3 + 27723777,2) 



BDS-like 



-A 



BDS 



4^ 



E 



j=i 

+ logMj,j+4log 



logMi,i+3 log 



''^j,j+4'ifj+4,j+7 



2 2 
^^,^+4^^+l,^+4^^+4,^+8^^+5,^+8 

3 2 2 

'Wt+2,i+5'Wi+2,i+6'^i+3,i+6'^j+3,i+7 



^i+l,j+5'"i+2,i+5t'i+3,j+6'"i+2,i+6/ 
- L72 (1 - 



(134) 



■^1,1+4 J 
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